The issue concerning the existence of wormhole states in locally supersymmetric minisuperspace models with matter is addressed. Wormhole states are apparently absent in models obtained from the more general theory of N=1 supergravity with supermatter. A Hartle-Hawking type solution can be found, even though some terms (which are scalar field dependent) cannot be determined in a satisfactory way. A possible cause is investigated here. As far as the wormhole situation is concerned, we argue here that the type of Lagrange multipliers and fermionic derivative ordering used can make a difference. A proposal is made for supersymmetric quantum wormholes to also be invested with a Hilbert space structure, associated with a maximal analytical extension of the corresponding minisuperspace.
Classically, wormholes join different asymptotic regions of a Riemannian geometry.
Such solutions can only be found when certain types of matter fields are present [16] .
However, it seems more natural to study quantum wormhole states, i.e., solutions of the Wheeler-DeWitt equation [16, [28] [29] [30] [31] . It is thought that wormholes may produce shifts in effective masses and interaction parameters [32, 33] . Moreover, wormholes may play an important role which could force the cosmological constant to be zero [34] . The wormhole ground state may be defined by a path integral over all possible asymptotic Euclidian 4-geometries and matter fields whose energy-momentum tensor vanishes at infinity. Excited wormhole states would have sources at infinity. However, the question concerning the differences between a wormhole ground state and the excited states may not have a simple answer. In fact, if a ground state has been found (like in [16] ) then excited states may be obtained from the repeated aplication of operators (like ∂ ∂φ , e.g.), checking their regularity and implementing their orthonormality. But it is another issue if we happen to find a set of solutions from the Wheeler-DeWitt equation and try to identify which ones correspond to a wormhole ground state or to excited states. Recent investigations on this issue [28, 30] claim that what may be really relevant is to use the whole basis of wormhole solutions (namely, to calculate the effects of wormhole physics from Green's functions, where these have been factorized by introducing a complete set of wormhole states [16] ) and not just trying to identify and label a explicit expression which would correspond either to a wormhole ground state or an excited one.
The Hartle-Hawking (or no-boundary proposal) [1, 10] solution is expressed in terms of a Euclidian path integral. It is essentially a topological statement about the class of histories summed over. To calculate the no-boundary wave function we are required to regard a three-surface as the only boundary of a compact four-manifold, on which the four-metric is g µν and induces h 0 ij on the boundary, and the matter field is φ and matches φ 0 on the boundary as well. We are then instructed to perform a path integral over all such g µν and φ within all such manifolds. For manifolds of the form of R × Σ, the no-boundary proposal indicates us to choose initial conditions at the initial point as to ensure the closure of the four geometry. It basically consists in setting the initial three-surface volume h 1/2 to zero but also involve regular conditions on the derivatives of the remaining components of the three-metric and the matter fields [1, 10] .
Let us now briefly exemplify how wormhole states seem to be absent and why a HartleHawking solution is only partially determined. Considering the more general theory of N=1 supergravity with supermatter [35] , we take a closed FRW model with complex scalar fields φ, φ, their fermionic partners, χ A , χ A ′ , and a two-dimensional spherically symmetric Kähler geometry. The tetrad of the four-dimensional theory can be simplified to be:
whereâ and i run from 1 to 3. Eâ i is a basis of left-invariant 1-forms on the unit S 3 with
This Ansatz reduces the number of degrees of freedom provided by e AA ′ µ . If supersymmetry invariance is to be retained, then we need an Ansatz for ψ i in our Ansatz. We further take (cf. ref. [36, 37] for details)
where we introduce the new spinors ψ A andψ A ′ which are functions of time only. It is important to stress that the reason why we throw away the spin 3 2 modes of the gravitino fields is we ought to have an equal number of bosonic and fermionic degrees of freedom, which is a necessary condition for the supersymmetry invariance to be retained. This is a direct consequence of assuming FRW geometry. The scalar super-multiplet, consisting of the complex massive scalar field φ, φ and spin-1 2 field χ A ,χ A ′ are chosen to be spatially homogeneous, depending only on time.
The main result that follows (cf. eq. (21), (24))were shown not to depend on the fermionic derivative factor ordering and possible Kähler geometry [25] . For a two-dimensional spherical symmetric Kähler manifold we have
The Levi-Civita connections of the Kähler manifold are
and its complex conjugate. The rest of the components are zero.
Using the Ansätze described previously, the action of the full theory can be reduced to one with a finite number of degrees of freedom. Starting from the action so obtained,
we study the Hamiltonian formulation of this model. The general Hamiltonian of a locally supersymmetric model may be put in the simplified form
expected for a theory with the corresponding gauge invariances. Here N is the lapse function, while H is basically a Wheeler-DeWitt operator. S A andS A ′ are the local supersymmetry generators, and J AB andJ
′ are the generators of local Lorentz rotations, while M AB andM A ′ B ′ are Lagrange multipliers giving the amount of Lorentz rotation applied per unit time. Classically, the constraints vanish, and the set of (first-class) constraints forms an algebra. In the Hamiltonian decomposition, the variables are split into dynamical components e to get the S A andS A ′ constraints, respectively. We also need to redefine the χ A field and ψ A field in order to simplify the Dirac brackets [25] :
The conjugate momenta become
This pair form a set of second class constraints. Consequently, the Dirac bracket
Similarly for the ψ A field,ψ
where the conjugate momenta are
The Dirac bracket is then
Furthermore,
and the rest of the brackets are zero. After substituting the redefined fields in the constraints, we drop the hat over the new variables.
It is simpler to describe the theory using only (say) unprimed spinors, and, to this end, we defineψ
with which the new Dirac brackets are
The rest of the brackets remain unchanged. Using these new variables, the supersymmetry constraints are
Quantum mechanically, one replaces the Dirac brackets by anti-commutators if both arguments are odd (O) or commutators if otherwise (E):
We useh = 1 and σ 2 = 2π 2 . We choose ( χ A , ψ A , a, φ,φ) to be the coordinates and (χ A , ψ A , π a , π φ ,πφ) to be the momentum operators. Hencē
Some criteria have been presented to determine a suitable factor ordering for (15a), (15b). This problem is related to the presence of cubic terms in the supersymmetry constraints. Basically, S A , S A , H could be chosen by requiring that [37, 39] : However, not all of these criteria can be satisfied simultaneously (cf. [37, 39] ). An arbitrary choice is to satisfy 1,2,4 as in here and [24, 25, 37, 39, 40] . Another possibility (as in [24, 25, 38] ) is to go beyond this factor ordering and insist that S A , S A could still be related by a Hermitian adjoint operation (requirement 3.). If we adopt this then there are some quantum corrections to S A , S A (namely, adding terms linear in ψ A , χ A to S A and linear in ψ A , χ A to S A ) which nevertheless modify the transformation rules for the wave function under supersymmetry requirements 1,2.
Following the ordering used in ref. [24, 25, 37, 39, 40] , we put all the fermionic derivatives in S A on the right. In S A all the fermionic derivatives are on the left. Hence,
andS
where A, B, C, D, and E are functions of a, φ andφ only. Using eq. (17a), (17b), we get four equations from S A Ψ = 0 and another four equations fromS A Ψ = 0 (all first order differential equations):
(1 + φφ) ∂B ∂φ
We can see that (19a), (19b) and (20a), (20b) constitute decoupled equations for A and E, respectively. They have the general solution
where f, g are arbitrary anti-holomorphic and holomorphic functions of φ, φ, respectively.
Eq. (19c) and (19d) are coupled equations between B and C and eq. (20c) and (20d) are coupled equations between C and D. The first step to decouple these equations is as follows. Let B =B(1 + φφ)
, (20c) and (20d) then become
From (22a) and (22d), we can eliminateB to get a partial differential equation forC:
and from (22b) and (22c), we will get another partial differential equation forC:
We can see immediately thatC = 0 because the coefficients of σ 2 a 2C are different for these two equations. Using this result, we find (cf. ref. [25] for more details)
Result (24) is a direct consequence that we could not find a consistent (Wheeler-DeWitt type) second-order differential equation for C and hence to B, D. It came directly from the corresponding first order differential equations. Changing S A , S A in order that they can be related by some Hermitian adjoint transformation (3.) gives essentially the same outcome [25] . With a two-dimensional flat Kähler geometry we get a similar result.
While Lorentz invariance allows the pair ψ A χ A in (18), supersymmetry rejects it. A possible interpretation could be that supersymmetry transformations forbid any fermionic bound state ψ A χ A by treating the spin-
A Hartle-Hawking wave function 1 could be identified in the fermionic filled sector, say, g(φ) exp(3σ 2 a 2 ), but for particular expressions of g(φ). We notice though that (17a), (17b), (18) are not enough to specify g(φ). A similar situation is also present in ref. [38] , although an extra multiplicative factor of a 5 multiplying g(φ) induces a less clear situation.
In fact, no attempt was made in ref. [38, 40] to obtain a Hartle-Hawking wave function (21), (24) be accomodated in order for wormhole type solutions to be obtained. The arbitrary functions f (φ, φ), g(φ, φ), h(φ, φ), k(φ, φ) do not allow to conclude unequivovally that in these fermionic sectors the corresponding bosonic amplitudes would be damped at large 3-geometries for any allowed value of φ, φ at infinity. Claims were then made in ref. [24, 25] that no wormhole states could be found. The reasons were that the Lorentz and supersymmetry constraints do not seem sufficient in this case to specify the φ, φ dependence of f, g, h, k.
Hence, we have a canonical formulation of N=1 supergravity which constitutes a (Dirac) like square root of gravity [3, 4, 5] . Quantum wormhole and Hartle-Hawking solutions were found in minisuperspaces for pure N=1 supergravity [8, [11] [12] [13] [14] [15] 18, 19, 36, 37, 39] but the former state is absent in the literature 2 , for pure gravity cases [1, 9, 16, [28] [29] [30] .
Hartle-Hawking wave functions and wormhole ground states are present in ordinary minisuperspace with matter [1, 9, 16, [28] [29] [30] . When supersymmetry is introduced [24] [25] [26] [27] [37] [38] [39] we face some problems within the more general theory of N=1 supergravity with supermatter [35] (cf. ref. [25] [26] [27] ) as far as Hartle-Hawking or wormhole type solutions are
concerned. An attempt [40] using the constraints present in [37, 39] but the ordering employed above, also seemed to have failed in getting wormhole states. In addition, a model combining a conformal scalar field with spin- harmonics and integrating over the spatial coordinates [32] ) did not produce any wormhole solution as well [41] . However, ref. [38] clearly represents an opposite point of view, as it explicitly depicts wormhole ground states in a locally supersymmetric setting.
It might be interesting to point that the constraints employed in [38] (and also in [37, 39, 40] ) were derived from a particular model constructed in [42] , while ours [25] come directly from the more general theory of N=1 supergravity coupled to supermatter [35] .
Moreover, there are many differences between the expressions in [36] [37] [38] [39] and the one hereby (see also [25] ), namely on numerical coefficients.
Let me sketch briefly how the supersymmetry constraints expressions in [38] were obtained. First, at the pure N=1 supergravity level, the following re-definition of fermionic non-dynamical variables
and its hermitian conjugate were introduced for a FRW model, changing the supersymmetry and Hamiltonian constraints. As a consequence, no fermionic terms were present in H ∼ {S A , S A } and no cubic fermionic terms in the supersymmetry constraints. Hence, no ordering problems with regard to fermionic derivatives were present. The model with matter was then extracted post-hoc [37, 39 ] from a few basic assumptions about their general form and supersymmtric algebra. This simplified route seemed to give similar expressions, up to minor field redefinitions, to what we would obtain for a reduced model from the particular theory presented in [42] , as stated in [37, 39] . Note that cubic fermionic terms like ψψψ or ψχχ are now present but the former is absent in the pure case. In ref. [37, 39, 40] , criteria 1,2,4 were used for the fermionic derivative ordering, while in ref. [38] one has insisted to accomodate an Hermitian adjoint relation between the supersymmetry transformations (3.). It so happens that a wormhole ground state was found in the former but not in the latter. In ref.
[25] the same possibilites for using these criteria were employed but with supersymmetry and Hamiltonian cosntraints directly obtained from ψ (25)). Apparently, no wormhole states were present. Moreover, we also recover a solution which satisfied only partially the no-boundary proposal conditions (see eq. (21)).
A similar but yet less clear situation also seems to be present in ref. [38] .
The issue concerning the existence or not of wormhole and Hartle-Hawking quantum cosmological states for minisuperspaces within N=1 supergravity with supermatter is therefore of relevance [26] . The current literature on the subject is far from a consensus. No explanation has been provided for the (apparent) opposite conclusions in [25, 38] concerning the existence of wormhole states and to point out which is right and why. Furthermore, it does not seem possible for the procedure presented in [8] to solve this conundrum.
Here an answer for this particular problem is presented. The explanation is that chosing the choice of Lagrange multipliers and fermionic derivative ordering we use can make a difference. Our arguments are as follows.
On the one hand, the quantum formulation of wormholes in ordinary quantum cosmology has been shown to depend on the lapse function [29, 30] . Such ambiguity has already been pointed out in [43] (see also [44] ) but for generic quantum cosmology and related to bosonic factor ordering questions in the Wheeler-DeWitt operator. An ordering is necessary in order to make predictions. A proposal was made that the kinetic terms in the Wheeler-DeWitt operator should be the Laplacian in the natural (mini)superspace element of line, i.e., such that it would be invariant under changes of coordinates in minisuperspace [43] . Basically, this includes the Wheeler-DeWitt operator to be locally self-adjoint in the natural measure generated by the above mentioned element of line. However, it suffers from the problem that the connection defined by a minisuperspace line element like
N f µν dq µ dq ν could not be linear on N . This would then lead to a Wheeler-DeWitt operator not linear in N as it would be in order that N be interpreted as a Lagrange multiplier (it was also proposed in ref. [43] that this possible non-linearity dependence on N could cancel out in theories like supergravity where bosons and fermions would be in equal number of degrees of freedom). For each choice of N , there is a different metric in minisuperspace, all these metrics being related by a conformal transformation [45] .
Therefore, for each of these choices, the quantization process will be different. In fact, for a minisuperspace consisting of a FRW geometry and homogeneous scalar field, a conformal coupling allows a more general class of solutions of the Wheeler-DeWitt equation than does the minimally coupled case, even if a one-to-one correspondence exists between bounde states [45] .
For some choices of N the quantization are even inadmissible, e.g, when N → 0 too fast for vanishing 3-geometries in the wormhole case (cf. ref. [29, 30] for more details).
Basically, requiring regularity for Ψ at a → 0 is equivalent to self-adjointness for the Wheeler-DeWitt operator at that point. Such extension would be expected since wormhole wave functions calculated via a path integral are regular there. Three-geometries with zerovolume would be a consequence of the slicing procedure which has been carried. In other words, a = 0 simply represents a coordinate singularity in minisuperspace. An extension for (and beyond it), similar to the case of the Rindler wedge and the full Minkowski space, would be desirable. The requirement that the Wheeler-DeWitt operator be selfadjoint selects a scalar product and a measure in minisuperspace. Gauge choices of N that vanish too fast when a → 0 will lead to problems as the minisuperspace measure will be infinite at (regular) configurations associated with vanishing three-geometries volume.
The difference on the quantization manifests itself in the Hilbert space structure of the wormhole solutions [29] [30] [31] Hence the choice between ρ A and ψ A 0 directly affects any consistency between the quantum solutions of the constraints (26a)-(26c). Moreover, an important point (which will be stressed later) is that the Dirac-like equations in ref. [38] lead consistently to a set of Wheeler-DeWitt equations (like in [37, 39, 40] ) but that could not be entirely achieved in ref. [25] . As explained in eq. (24) , the difficulty in determining the φ, φ dependence of f, g, h, k (and therefore to acess on the existence of wormhole states) is related to the fact that C = 0, which is an indication as well that corresponding Wheeler-DeWitt equations or solutions could not be obtained from the supersymmetry constraints.
Choosing (25) we achieve the simplest form for the supersymmetry and Hamiltonian constraints and their Dirac brackets. This is important at the pure case level, as far as the solutions of S A Ψ = 0 and S A Ψ = 0 are concerned. Moreover, fermionic factor ordering become absent in that case. If we try to preserve this property through a posthoc approach [37, 39] when going to the matter case (keeping a simplified form for the constraints and algebra) then we might hope to avoid any problems like the ones refered to in eq. (24) . In addition, using the fermionic ordering of [38] where we accomodate the Hermitain adjointness with requirements 1,2,4 up to minor changes relatively to 1,2, we do get a wormhole groud state. Thus, there seems to be a relation between a choice of Lagrange multipliers (which simplifies the constraints and the algebra in the pure case), fermionic factor ordering (which may become absent in the pure case) and obtaining second order consistency equations (i.e., Wheeler-DeWitt type equations) or solutions from the supersymmetry constraints. The failure of this last one is the reason why C = 0 and f, g, h, k cannot be determined from the algebra. Different choices of ψ A 0 or ρ A , then of fermionic derivative ordering will lead to different supersymmetry constraints and to different solutions for the quantization of the problem. It should also be stressed that from the supersymmetric algebra a combination of two supersymmetry transformations, generated by S A and S A ′ and whose amount is represented by the Lagrange multipliers
, will be (essentially) equivalent to a transformation generated by the Hamiltonian constraint and where the lapse function is the corresponding Lagrange multiplier.
So, how should the search for wormholes ground states 4 in N=1 supergravity be addressed? One possibility would be to employ a transformation like (25) (see [37] ). In fact, using it from the begining in our case model it will change some coefficients in the supersymmetry constraints as it can be confirmed. As a consequence, we are then allowed to get consistent second order differential equations from S A Ψ = 0 and S A ′ Ψ = 0. Hence, a line equivalent to the one followed in ref. [38] can be used and a wormhole ground state be found. Alternatively, we could restrict ourselves to the post-hoc approach introduced and followed throughout in [37, 39] as explained above. Another possibility, is to extend the approach introduced by L. Garay [28] [29] [30] [31] 4 Regarding the Hartle-Hawking solutions it seems it can be obtained straightforwardly either up to a specific definition of homogeneity [13] or following the approach in [8] . This might help in regarding the results found in [27] with respect to the Hartle-Hawking solution.
avoiding having to find a redefinition of fermionic variables as in (25) but for the matter case in question (scalar, vector field, etc).
Basically, improved boundary conditions for wormholes can be formulated by requiring square integrability in the maximmaly extended minisuperspace [28, 29] . This condition ensures that Ψ vanishes at the truly singular configurations and guarantees its regularity at any other (coordinate) one, including vanishing 3-geometries. A maximally extended minisuperspace and a proper definition of its boundaries in order to comply with the behaviour of Ψ for a → 0 and a → ∞ seems to be mandatory in ordinary quantum cosmology.
The reason was that the quantum formulation of wormholes has been shown to depend on the lapse function, N [28, 30] . The maximal analytical extension of minisuperspaces can be considered as the natural configuration space for quantization. The boundary of the minisuperspace would then consist of all those configurations which are truly singular.
Any regular configurations will be in its interior. Another reason to consider the above boundary conditions in a maximally extended minisuperspace is that it allow us to avoid boundary conditions at a = 0 to guaratee the self-adjointness of the Wheeler-DeWitt operator. This operator is hyperbolic and well posed boundary conditions can only be imposed on its characteristic surfaces and the one associated with a = 0 may not be of this type, like in the case of a conformally coupled scalar field. In such a case, it would be meaningless to require self-adjointness there (cf. ref. [28, 30] for more details).
Within this framework wormhole solutions would form a Hilbert space. These ideas must then be extended to a case of locally supersymmetric minisuperspace with odd Grassmann (fermionic) field variables. In this case, not only we have to deal with different possible behaviours for N but also with ψ A 0 . Then, it will be possible to determine explicitly the form of f, g, h, k in order that some or even an overlap of them could provide a wormhole wave function behaviour, including the ground state. In fact, this would mean that not only the bosonic amplitudes A, B, .. would have to be considered for solutions but the fermionic pairs ought to be taken as well. Constructing an adequate Hilbert space from (24) would lead us to a basis of wormhole states in such a singularity-free space(see ref. [28] ). Wormhole wave functions could be interpretated in terms of overlaps between different states.
Another point which might be of some relevance is the following [30] . The evaluation of the path integral (or say, determining the boundary conditions for the Wheeler-DeWitt equation) for wormhole states in ordinary minisuperspace quantum cosmology requires the writing of an action adequate to asymptotic Euclidian space-time, through the inclusion of necessary boundary terms [16, [28] [29] [30] . There may changes when fermions and supersymmetry come into play. A different action 5 would then induces improved boundary conditions for the intervening fields as far a wormhole Hilbert space structure is concerned in a locally supersymmetric minisuperspace.
Summarizing, the issue concerning the existence of wormhole states in locally supersymmetric minisuperspace models was addressed in this work. Wormhole states are apparently absent in models obtained from the more general theory of N=1 supergravity with supermatter. As explained, the cause investigated here is that an appropriate choice of Lagrange multipliers and fermionic derivative makes a difference. From the former we get the simplest form of the supersymmetry and Hamiltonian constraints and their Dirac brackets in the pure case. This ensures no fermionic derivative ordering problems and that the solutions of the quantum constraints are consistent. Either from a post-hoc approach (trying to extend the obtained framework in the pure case) or from a direct dimensionalreduction we get consistent second order Wheeler-DeWitt type equations or corresponding solutions in the supermatter case. From an adequate use of criteria 1,2,3,4 above, we get a wormhole ground state. We also notice that the use of appropriate Lagrange multipliera also requires a specific fermionic ordering results in order to obtain a consistency set of
Wheeler-DeWitt equations or respective solutions. The search for wormhole solutions could also be addressed from another point of view [28, 30] . One has to invest supersymmetric quantum wormholes with a Hilbert space structure, associated with a maximal analytical extension of the corresponding minisuperspace. A basis of wormhole states might then be obtained from the many possible solutions of the supersymmetry constraints equations.
